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Abstract
We integrate out the Higgs boson in the electroweak standard model at one loop
and construct a low-energy effective Lagrangian assuming that the Higgs mass is
much larger than the gauge-boson masses. Instead of applying diagrammatical tech-
niques, we integrate out the Higgs boson directly in the path integral, which turns
out to be much simpler. By using the background-field method and the Stueckelberg
formalism, we directly find a manifestly gauge-invariant result. The heavy-Higgs ef-
fects on fermionic couplings are derived, too. At one loop the logMH-terms of the
heavy-Higgs limit of the electroweak standard model coincide with the UV-divergent
terms in the gauged non-linear σ-model, but vertex functions differ in addition by
finite constant terms. Finally, the leading Higgs effects to some physical processes
are calculated from the effective Lagrangian.
∗E-Mail: dittmair@physik.uni-bielefeld.de
†Partially supported by the Bundesministerium fu¨r Bildung und Forschung, Bonn, Germany.
1 Introduction
In a previous article [1] we have developed a method to eliminate non-decoupling heavy
particles from a theory and to construct a one-loop effective Lagrangian which parametrizes
the low-energy effects of these heavy particles. We have applied functional methods,
i.e. instead of calculating the effects of the the heavy fields diagrammatically, we have
integrated them out directly in the path intgral. The contributions of the generated
functional determinant to the effective Lagrangian have been expanded in inverse powers
of the heavy mass. In Ref. [1] this method has been explained in detail by considering
a simple toy model, viz. by integrating out the heavy Higgs boson in an SU(2) gauged
linear σ-model without fermions.
In the present article we apply this method to a phenomenologically interesting ex-
ample: we consider the SU(2)W ×U(1)Y electroweak standard model (SM) and assume
that the Higgs boson has a large mass in comparison to the gauge-boson and fermion
masses and the external momenta of the scattering processes under consideration. We
integrate out the Higgs boson and determine its non-decoupling effects, i.e. we calculate
the O(M0H)-terms (which includes the logMH-terms) of the corresponding low-energy ef-
fective Lagrangian, including the effective terms with fermion fields. This way we formally
construct the limit MH → ∞ of the SM at one loop, which is a good approximation to
the physically interesting case of a finite but heavy Higgs mass close to the unitarity limit
of MH ∼ 1 TeV. The leading one-loop Higgs contributions to scattering processes and
physical parameters can then easily be derived from the effective Lagrangian. This will
be discussed by considering some examples.
Our method to integrate out heavy fields in the path integral has been discussed in
detail in Ref. [1]. Therefore, we will present all those parts of our calculation only very
briefly which concern this method in general or which can be done in analogy to the SU(2)
model without fermions considered in Ref. [1]. Different methods to construct low-energy
effective Lagrangians by integrating out heavy fields have been proposed in [2, 3, 4, 5].
The Higgs boson has recently been integrated out in the SM without fermions by di-
agrammatic methods in Ref. [6]. The result of our functional calculation agrees with the
one given there. Comparing our functional calculation with the diagrammatic one, we find
that the functional method simplifies the calculation very much. While in a diagrammatic
calculation one has to calculate the Higgs-dependent contributions to various Green func-
tions (i.e. very many Feynman graphs) and then determine the coupling constants of the
effective Lagrangian by comparing coefficients (“matching”), in a functional calculation
the effective Lagrangian is generated directly. For instance, there are 14 effective bosonic
interaction terms which are expected to be generated by naive power counting. In fact
only 7 of these terms are generated, but the others (viz. the custodial SU(2)W-violating
dimension-4 terms) are not. In a diagrammatic calculation one has first to consider all
these terms when comparing the coefficients, and then it turns out that they vanish. How-
ever, in a functional calculation it is obvious that they are suppressed by at least a factor
M2W/M
2
H. The use of the background-field method [7, 8, 9, 10, 11] and the Stueckelberg
Formalism [12, 13, 14, 15] automatically ensures the gauge invariance of the generated
effective terms, while in the conventional formalism there are some subleties concerning
gauge invariance of the matching conditions [16].
1
In addition to the treatment of the bosonic sector of the SM, we also determine the
effects of a heavy Higgs boson on fermionic interactions, which have not been calculated
before. All effective fermionic interactions are proportional tomf/MW and thus suppressed
for all fermions except for the top quark.
This article is organized as follows: In Sect. 2 we describe the background-field method
and the Stueckelberg formalism for the bosonic part of the electroweak standard model
and determine the one-loop part of the Lagrangian. In Sect. 3 we diagonalize the Higgs
part of this Lagrangian. In Sect. 4 we integrate out the quantum Higgs field and construct
the effective Lagrangian, which is written in a manifestly gauge-invariant standard form
in Sect. 5. In Sect. 6 we carry out the renormalization of the Higgs sector. In Sect. 7
the background Higgs field is eliminated, which yields the final effective Lagrangian. In
Sect. 8 we integrate out the Higgs boson in the fermionic part of the SM and calculate
the fermionic terms of the effective Lagrangian. Section 9 contains the discussion of the
result. In Sect. 10 we derive the logMH-contributions to some physical processes directly
from our effective Lagrangian. Section 11 contains our conclusions. In App. A the explicit
form of the Feynman integrals occurring in the calculations are given. In App. B we prove
an identity needed for our calculation.
2 The background-field method and the Stueckelberg
formalism
2.1 The standard-model Lagrangian
In this and the subsequent sections we first consider only the bosonic sector of the
SU(2)W ×U(1)Y electroweak SM. The fermions will be included in Sect. 8. The bosonic
part of the SM is specified by the Lagrangian
L = −1
2
tr {WµνW µν} − 1
4
BµνB
µν
+
1
2
tr
{
(DµΦ)
†(DµΦ)
}
+
1
2
µ2 tr
{
Φ†Φ
}
− 1
16
λ
(
tr
{
Φ†Φ
})2
. (2.1)
The field-strength tensors W µν and Bµν read
W µν = ∂µW ν − ∂νW µ − ig2[W µ,W ν ],
Bµν = ∂µBν − ∂νBµ, (2.2)
where W µ = W µi τi/2 and B
µ represent the corresponding gauge fields. We note that we
use the convenient matrix notation for the SU(2)W representations throughout, with τi
denoting the Pauli matrices. The covariant derivative DµΦ of the scalar Higgs doublet Φ
is given by
DµΦ = ∂µΦ− ig2W µΦ− ig1ΦBµ τ3
2
. (2.3)
Usually, the field Φ is linearly represented by
Φ =
1√
2
((v +H)1+ 2iϕ) , (2.4)
2
where H is the (physical) Higgs field and ϕ = ϕiτi/2 the (unphysical) Goldstone field.
The non-vanishing vacuum expectation value is quantified by
v = 2
√
µ2
λ
. (2.5)
For our purpose it is much more appropriate to use the following non-linear representation
Φ =
1√
2
(v +H)U with U = exp
(
2i
ϕ
v
)
, (2.6)
where H is an SU(2)W singlet, and the Goldstone fields ϕi form the unitary matrix U . In
both representations the charge eigenstates of ϕ are given by
ϕ± =
1√
2
(ϕ2 ± iϕ1) , χ = −ϕ3. (2.7)
The different representations (2.4) and (2.6) are physically equivalent [13, 15], i.e. both
yield the same S-matrix. Inserting (2.6) into the Lagrangian (2.1), one obtains
L = −1
2
tr {WµνW µν} − 1
4
BµνB
µν +
1
4
(v +H)2 tr
{
(DµU)
†(DµU)
}
+
1
2
(∂µH)(∂
µH) +
1
2
µ2(v +H)2 − 1
16
λ(v +H)4. (2.8)
In this form the advantage of the non-linear representation of Φ is apparent. Owing to the
unitarity of U the unphysical Goldstone field ϕ only enters the kinetic term of the scalar
fields, but drops out in the cubic and quartic scalar self interactions.
Our conventions and notation for the parameters and fields follow the ones of
Refs. [10, 11, 17]. Moreover, substituting g2 → g, g1 → 0, Bµ → 0 reproduces the re-
sults of Ref. [1] for the pure SU(2) theory.
Finally, we consider the case of a very heavy Higgs boson, i.e. the limit MH → ∞.
At tree level, the Lagrangian (2.8) reduces to the one of the gauged non-linear σ-model
(GNLSM) [18, 19], which follows from (2.8) simply by disregarding the field H . Beyond
tree level the situation is much more complicated, as loop corrections associated with
virtual Higgs-boson exchange lead to additional (effective) interactions. Our aim is to
integrate out the heavy Higgs field at one loop and to construct the corresponding one-
loop effective Lagrangian. However, the Lagrangian (2.8) contains the fieldH up to quartic
power so that Gaussian integration is not directly applicable in the path integral. At one
loop this problem is circumvented by the background-field method (BFM).
2.2 The background-field method
The BFM [7, 8] was applied to the SM with linearly realized Higgs sector in
Refs. [9, 10, 11]. For a pure SU(2) gauge theory we generalized the BFM to the non-
linear representation of the scalar sector in Ref. [1]. The same procedure also applies to
the SU(2)W × U(1)Y SM. Accordingly, we split the fields into background and quantum
fields as follows:
W µ → Wˆ µ +W µ, Bµ → Bˆµ +Bµ, H → Hˆ +H, U → UˆU, (2.9)
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where the hats mark background fields. In opposite to the gauge and Higgs fields the
matrix U (2.6), which contains the Goldstone field ϕ, is split multiplicatively. Recall that
only the quantum fields are quantized, i.e. they represent variables of integration in the
path integral. The background fields act as sources for the generation of vertex functions
in the effective action. The background fields correspond to tree lines and the quantum
fields to lines in loops. Thus, at one loop only the part of the Lagrangian quadratic in the
quantum fields is relevant, and therefore Gaussian integration is applicable. Furthermore,
this means that for the construction of vertex functions only the gauge of the quantum
fields has to be fixed. Choosing the gauge-fixing term for the quantum fields such that
gauge invariance with respect to the background fields is retained, the effective action
is “background-gauge-invariant”, too. For the linearly realized Higgs sector (2.4) an ap-
propriate gauge-fixing term was given in Refs. [9, 10, 11], for the non-linear case (2.6) we
use
Lgf = − 1
ξW
tr
{(
DˆµWWµ +
1
2
ξWg2vUˆϕUˆ
†
)2}
− 1
2ξB
(
∂µBµ +
1
2
ξBg1vϕ3
)2
(2.10)
with
DˆµWX = ∂
µX − ig2[Wˆ µ, X ], (2.11)
which is the natural extension of the choice made in Ref. [1] for the SU(2) model. In
the following we set ξ = ξW = ξB in order to avoid mixing between the neutral gauge
fields A, Z at tree level. It is straightforward to check that Lagrangian (2.8) with Lgf of
(2.10) leads to an effective action which is invariant under the following background gauge
transformation:
Wˆ µ → S
(
Wˆ µ +
i
g2
∂µ
)
S†, Bˆµ → Bˆµ + ∂µθY, Hˆ → Hˆ, Uˆ → SUˆSY (2.12)
with
S = exp (ig2θ) , SY = exp
(
ig1θY
τ3
2
)
, (2.13)
associated with the following substitution of the quantum fields in the path integral:
W µ → SW µS†, Bµ → Bµ, H → H, U → S†YUSY. (2.14)
θ = θiτi/2 and θY denote the group parameters of the SU(2)W and U(1)Y, respectively.
The Faddeev–Popov Lagrangian Lghost, which corresponds to the gauge-fixing term
(2.10), is constructed as usual. In particular, Lghost neither involves the quantum nor the
background Higgs field.
2.3 The Stueckelberg formalism
The gauge of the background fields has not been specified so far and can be chosen inde-
pendently from the one of the quantum fields. It is most convenient to choose the unitary
gauge (U-gauge) for the background fields, where all background Goldstone fields disap-
pear. To this end, we use the Stueckelberg formalism [12, 13, 14, 15], which has been
generalized to the BFM in Refs. [1, 5]. We apply the Stueckelberg transformation
Wˆ µ → UˆWˆ µUˆ † + i
g2
Uˆ∂µUˆ †, Bˆµ → Bˆµ, W µ → UˆW µUˆ †, Bµ → Bµ, (2.15)
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which transforms the W field-strength and covariant derivative as
DµUˆU → UˆDµU, (Wˆ µν +W µν)→ Uˆ(Wˆ µν +W µν)Uˆ †. (2.16)
The effect of this transformation on the Lagrangian is to map the matrix Uˆ to the unit
matrix (Uˆ → 1), but leaving everything else unaffected. The fact that no background
Goldstone fields are present in intermediate steps of the heavy-Higgs expansion simplifies
our calculation drastically. Inverting the Stueckelberg transformation (2.15) at the end,
we recover the result for an arbitrary background gauge.
3 Diagonalizing the Higgs part of the one-loop La-
grangian
As pointed out above, at one loop only those terms of the Lagrangian are relevant which
are bilinear in the quantum fields. In the background U-gauge the full one-loop Lagrangian
reads
L1−loop = tr
{
Wµ
(
gµνDˆ2W +
1− ξ
ξ
DˆµW Dˆ
ν
W + 2ig2Wˆ
µν
)
Wν
}
+
1
2
Bµ
(
gµν∂2 +
1− ξ
ξ
∂µ∂ν
)
Bν +
1
4
g22(v + Hˆ)
2 tr {CµCµ}
− tr
{
ϕ
(
1
v2
Dˆµ(v + Hˆ)
2Dˆµ +
1
4
ξg22v
2 + g22
1
v2
(v + Hˆ)2CˆµCˆ
µ
)
ϕ
}
− 1
8
ξg21v
2ϕ23
− 1
2
H
(
∂2 − µ2 + 3
4
λ(v + Hˆ)2 − 1
2
g22 tr
{
CˆµCˆ
µ
})
H
− 2g2 1
v
(v + Hˆ)H tr
{
Cˆµ∂
µϕ
}
− 2ig1g2 1
v
(v + Hˆ)H tr
{
ϕWˆµτ3
}
Bˆµ
+ g22(v + Hˆ)H tr
{
CˆµC
µ
}
− g2 1
v
(2v + Hˆ)Hˆ tr {Cµ∂µϕ}
− 2ig22v tr
{
WµWˆ
µϕ
}
+ ig1g2
1
v
(v + Hˆ)2
(
Bµ tr
{
τ3Wˆ
µϕ
}
+ Bˆµ tr {τ3W µϕ}
)
+ Lghost. (3.1)
The auxiliary background field Cˆµ occurring in (3.1) is defined via
Cˆµ = Wˆ µ +
g1
g2
Bˆµ
τ3
2
=
1
2
(
Wˆ µ1 τ1 + Wˆ
µ
2 τ2 +
1
cW
Zˆµτ3
)
(3.2)
and the corresponding quantum field analogously.
Since the ghost Lagrangian Lghost is bilinear in the Faddeev-Popov ghost fields, which
do not have a background part, the one-loop part of Lghost in (3.1) contains no other
quantum fields than ghosts and remains unaffected by all following manipulations.
Fortunately, not all terms of L1−loop in (3.1) are relevant for the construction of the
effective Lagrangian describing the non-decoupling effects. In the following we only con-
sider contributions of O(M0H), i.e. we neglect all terms which yield no effects in the limit
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MH → ∞. Our complete method for the 1/MH-expansion was described in detail in
Ref. [1] for the SU(2) case. Thus, here we shorten the presentation to the most important
steps and omit more technical details. We write the one-loop Lagrangian in the symbolic
form
L1−loop = −1
2
H∆H H +H tr
{
Xµ
HW
W µ
}
+H tr {XHϕ ϕ}
+ tr
{
W µ∆
µν
W
W ν
}
+
1
2
tr {Aµ∆µνA Aν}+ tr
{
AµX
µν
AW
W ν
}
− tr {ϕ∆ϕ ϕ}+ tr
{
W µX
µ
Wϕ
ϕ
}
+ tr
{
AµX
µ
Aϕ
ϕ
}
+ Lghost (3.3)
with the modified quantum SU(2)W field
W
µ
=
1
2
(W µ1 τ1 +W
µ
2 τ2 + Z
µτ3) (3.4)
and the quantum photon field Aµ. Obviously, there is no AH-term in (3.1).
Applying Gaussian integration over H in the path integral directly to L1−loop of (3.3),
the terms linear in the quantum Higgs field H would yield (problematic) terms with inverse
operators acting on quantum fields. However, the terms linear in H can be removed by
appropriate shifts of the quantum fields [1, 2, 5]. Substituting successively [1]
ϕ → ϕ+ 1
2
∆ˆ−1ϕ X
†
Hϕ
H +
1
2
∆ˆ−1ϕ X
µ†
Wϕ
W µ,
W
µ → W µ − 1
2
ˆ˜∆
−1µν
W
X˜†
HW ,νH,
ϕ → ϕ− 1
2
∆ˆ−1ϕ X
µ†
Wϕ
W µ (3.5)
with
∆˜µν
W
= ∆µν
W
+
1
4
Xµ
Wϕ
∆ˆ−1ϕ X
ν†
Wϕ
,
X˜HW,µ = XHW ,µ +
1
2
XHϕ∆ˆ
−1
ϕ X
†
Wϕ,µ (3.6)
completely eliminates the HW - and Hϕ-terms without changing the Wϕ-mixing. The
bilinear H-operator transforms into
∆H → ∆˜H = ∆H − 1
2
tr
{
XHϕ∆ˆ
−1
ϕ X
†
Hϕ
}
+
1
2
tr
{
X˜HW ,µ
ˆ˜∆
−1µν
W X˜
†
HW ,ν
}
. (3.7)
The meaning of the hats over the inverse operators will be explained below. In contrast
to the SU(2) case, the transformations (3.5) produce mixing terms between the quantum
Higgs field H and the photon field A. Analogously to (3.5), these AH-terms can also
be removed by suitable (but more involved) shifts without affecting the H-independent
contributions. Only ∆˜H is modified again. However, these additional terms in ∆˜H only
yield O(M−2H )-contributions in the subsequent 1/MH-expansion, and thus are not explic-
itly discussed here. This can easily be seen as follows: In Ref. [1] it has been shown that
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the Yang-Mills couplings and the vector-Goldstone term yield no O(M0H)-contributions
when integrating out the Higgs field and can thus be neglected. However, the quantum
photon field A only couples to the other quantum fields through the Yang-Mills and the
vector-Goldstone term. Thus, at O(M0H) this field may be dropped in (3.3) from the begin-
ning. At the diagrammatical level this means that there are no O(M0H)-contributions from
loops with both photon and Higgs fields, which is in accordance with the diagrammatical
calculation in Ref. [6]. Taking only into account effects of O(M0H), ∆˜H reduces to
∆˜H → ˜˜∆H = ∆H − 1
2
tr
{
XHϕ∆ˆ
−1
ϕ X
†
Hϕ
}
+
1
2
tr
{
XHW ,µ∆ˆ
−1µν
W,0
X†
HW ,ν
}
(3.8)
as in Ref. [1]. In (3.8) we already made use of the fact that only the lowest-order part
∆µν
W,0
of ∆µν
W
contributes in O(M0H), in analogy to the situation in the SU(2) case.
We still have to supply the meaning of the hat over the inverse operators in the previous
formulas. As in Ref. [1], ∆ˆ−1 denotes the restriction of the hermitian, 2× 2-matrix-valued
inverse operator ∆−1 to the subspace spanned by the Pauli matrices τi. Only with this
restriction the shifts (3.5) make sense, because it ensures that the rhs of these shifts are
linear combinations of the Pauli matrices [1]. In terms of a perturbative expansion ∆ˆ−1 is
given by
∆ˆ−1 = ∆−10 P
∞∑
n=0
(−Π∆−10 P )n
= ∆−10 P − ∆−10 PΠ∆−10 P + ∆−10 PΠ∆−10 PΠ∆−10 P − · · · , (3.9)
where ∆0 denotes the lowest-order contribution (which is proportional to the unit matrix)
to the full operator ∆ = ∆0 + Π. The operator P is the projector onto the subspace
spanned by the τi. More generally, we define
PiX =
1
2
τi tr {τiX} (no summation over i),
P =
3∑
i=1
Pi, (3.10)
where the Pi project on the single Pauli matrices τi, respectively.
For the operators ∆, X of the one-loop Lagrangian (3.3) we just give the terms which
are relevant for ˜˜∆H in (3.8), namely
∆µν
W,0
= gµν∂2 +
1− ξ
ξ
∂µ∂ν + gµνM2W
(
1 +
s2
W
c2
W
P3
)
,
∆ϕ = Dˆ
µ
(
1 +
Hˆ
v
)2
Dˆµ + g
2
2Cˆ
µCˆµ
(
1 +
Hˆ
v
)2
+ ξM2W
(
1 +
s2
W
c2
W
P3
)
,
∆H = ∂
2 +M2H +
3
2
M2H
Hˆ
v
(
2 +
Hˆ
v
)
− 1
2
g22 tr
{
CˆµCˆµ
}
,
Xµ
HW
= 2g2
(
1 +
Hˆ
v
)
MWCˆ
µ
(
1 +
1− cW
cW
P3
)
,
XHϕ = 2g2
(
1 +
Hˆ
v
)(
−Cˆµ∂µ + ig1Bˆµτ3Wˆµ
)
. (3.11)
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After all these manipulations the resulting one-loop Lagrangian is obtained from (3.3)
upon disregarding Xµ
HW
, XHϕ and replacing ∆H by
˜˜∆H of (3.8), where terms yielding only
O(M−2H )-contributions are neglected.
4 Integrating out the quantum Higgs field and 1/MH-
expansion
The next step is to perform the path integral over the quantum field H by Gaussian
integration. For a detailed discussen of this procedure, we again refer to Ref. [1]. The
term quadratic in H yields a functional determinant which can be expressed in terms of
an effective Lagrangian [1, 4]
Leff = i
2
∫
d4p
(2pi)4
log
(
˜˜∆H(x, ∂x + ip)
)
. (4.1)
˜˜∆H(x, ∂x + ip) can be expanded in terms of derivatives
1,
˜˜∆H(x, ∂x + ip) =
∞∑
n=0
(−i)n
n!
[
∂n
∂pµ1 . . . ∂pµn
˜˜∆H(x, ip)
]
∂µ1 . . . ∂µn
= −p2 +M2H +Π(x, p, ∂x), (4.2)
leading to the following expansion of the logarithm
log ˜˜∆H(x, ∂x + ip) = log(−p2 +M2H)−
∞∑
n=1
1
n
(
Π
p2 −M2H
)n
. (4.3)
The first log-term of (4.3) yields a constant contribution to the effective Lagrangian, which
is irrelevant in this context and will be dropped in the following. The powers of Π in (4.3)
contain propagator terms (p2−M2)−m withM2 =M2W,M2Z, ξM2W or ξM2Z originating from
the derivative expansion of the inverse propagators ∆ˆ−1ϕ , ∆ˆ
−1µν
W,0
. Hence, upon inserting
expansion (4.3) into (4.1), the effective Lagrangian can be expressed in terms of one-loop
vacuum integrals of the type
I iklm(ξ) gµ1...µ2k =
(2piµ)4−D
ipi2
∫
dDp
pµ1 . . . pµ2k
(p2 −M2H)l(p2 − ξM2i )m
, Mi =MW,MZ. (4.4)
In (4.4) it is already indicated that we use dimensional regularization throughout with
D denoting the number of space-time dimensions, and µ representing the reference mass
scale. gµ1...µ2k is the totally symmetric tensor of rank 2k built of the metric tensor gµν .
For D → 4 the integrals I iklm(ξ) are O(MnH) with
n = 4 + 2(k − l −m) (4.5)
1The first line of (4.2) cannot be taken literally for the derivative expansion. The partial derivatives do
not commute with the background fields in ˜˜∆H(x, ip), and thus one also has to take care of the position
of the derivative operators, which can easily be achieved in the actual calculation.
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if n ≥ 0, and O(M−2H ) or less if n < 0. The explicit expressions for the integrals relevant for
Leff are listed in App. A. In particular, the O(M0H)-parts of all logarithmically divergent
integrals are independent of ξ and M2i . Consequently, the index i and the argument ξ
will be dropped for these in the following. In addition to the MH-dependence of the
integrals, there is an explicit MH-dependence in the generated effective Lagrangian due to
the Higgs self interactions and an implicit MH-dependence stemming from the occurrence
of the background Higgs field Hˆ which will later be eliminated by a propagator expansion
yielding Hˆ = O(M−2H ). Thus, as in Ref. [1], we introduce an auxiliary power-counting
parameter ζ , which counts the powers of pµ, Hˆ and MH according to
pµ → ζ, MH → ζ, Hˆ → ζ−2. (4.6)
In order to obtain the effective Lagrangian at O(M0H), we only have to consider contribu-
tions up toO(ζ−4) in the expansion of log ˜˜∆H(x, ∂x+ip) (i.e. up toO(ζ−2) in ˜˜∆H(x, ∂x+ip))
and can neglect higher negative powers of ζ .
As a result of this power counting it turns out that most of the contributions of the
projection operator P3 (3.10) in ∆
µν
W,0
and ∆ϕ (3.11) can be neglected at O(M0H). In order
to illustrate this, we consider the operator ∆ˆ−1
ϕ
(x, ∂x+ip), which occurs in (4.1) with (3.8).
Using (3.10) we write
M2W
(
1 +
s2
W
c2
W
P3
)
P =M2i Pi, with M1,2 =MW, M3 =MZ (4.7)
and find with (3.9)
∆ˆ−1
ϕ
(x, ∂x + ip) = − 1
p2 − ξM2i
Pi
− 1
(p2 − ξM2i )(p2 − ξM2j )
Pi
[
−2Hˆ
v
p2 + 2ipµDˆ
µ + Dˆ2 + g22Cˆ
µCˆµ
]
Pj
+
1
(p2 − ξM2i )(p2 − ξM2j )(p2 − ξM2k )
4Pi(pµDˆ
µ)Pj(pνDˆ
ν)Pk
+O(ζ−5). (4.8)
The operator (p2 − ξM2i )−1Pi occurring several times in this expression can be written as
1
p2 − ξM2i
Pi =
1
p2 − ξM2W
P − ξ M
2
W −M2Z
(p2 − ξM2W)(p2 − ξM2Z)
P3. (4.9)
The second term in (4.9) is O(ζ−4) and can thus be neglected in the second and the third
term of (4.8), because ∆ˆ−1
ϕ
(x, ∂x + ip) is only needed at O(ζ−4).
Expanding log ˜˜∆H(x, ∂x+ ip) and integrating over p in analogy to Ref. [1], we find the
effective Lagrangian according to (4.1), (4.2) and (4.3):
Leff = 1
16pi2
{
I010
[
3g2M
2
H
4MW
Hˆ +
3g22M
2
H
16M2W
Hˆ2 − 1
4
g22 tr
{
CˆµCˆ
µ
}]
9
− I011 g22M2i tr
{
CˆµPiCˆ
µ
}
+ I i111(1) g
2
2 tr
{
CˆµPiCˆ
µ
}
+ I011g
2
2
[
tr
{
(∂µCˆ
µ)2
}
+ 2ig1Bˆµ tr
{
τ3Wˆ
µ(∂νCˆ
ν)
}
+ g21BˆµBˆν tr
{
τ3Wˆ
µPWˆ ντ3
}]
+ I112g
2
2
[
−4 tr
{
(∂µCˆ
µ)(DˆνCˆ
ν)
}
+ tr
{
CˆµDˆ
2Cˆµ
}
+ g22 tr
{
CˆµCˆ
µCˆνCˆ
ν
}
− 4ig1Bˆµ tr
{
τ3Wˆ
µPDˆνCˆ
ν
}]
− I2134g22
[
tr
{
CˆµDˆ
µPDˆνCˆν
}
+ tr
{
CˆµDˆ
νPDˆµCˆν
}
+ tr
{
CˆµDˆνPDˆ
νCˆµ
}]
+ I020
[
9g22M
4
H
16M2W
Hˆ2 − 3g
3
2M
2
H
8MW
Hˆ tr
{
CˆµCˆ
µ
}
+
1
16
g42
(
tr
{
CˆµCˆ
µ
})2]
+ I121
[
3g32M
2
H
2MW
Hˆ tr
{
CˆµCˆ
µ
}
− 1
2
g42
(
tr
{
CˆµCˆ
µ
})2]
+ I222g
4
2
[(
tr
{
CˆµCˆ
µ
})2
+ 2
(
tr
{
CˆµCˆν
})2]}
+O(ζ−2), (4.10)
where we have used the notation (4.4) for the (vacuum) one-loop integrals.
The origin of the various terms in (4.10) is the following: The first line is the contribu-
tion of ∆H in (3.8), the second stems from of XHW ,µ∆ˆ
−1µν
W,0
X†
HW ,ν , the third gets contribu-
tions from XHϕ∆ˆ
−1
ϕ X
†
Hϕ
and XHW ,µ∆ˆ
−1µν
W,0
X†
HW ,ν together, and the remaining terms come
from XHϕ∆ˆ
−1
ϕ X
†
Hϕ
.
5 Introducing standard traces and inverting the
Stueckelberg transformation
The effective Lagrangian (4.10) has to be written in a more convenient form. Since we
want to invert the Stueckelberg transformation (2.15) in order to obtain Leff in an arbitrary
background gauge, it is useful to introduce appropriate gauge-invariant standard traces.
Such traces have for instance been introduced in Ref. [19]2. Since we presently work in the
U-gauge for the background fields, we express these terms both in their gauge-invariant
form (lhs of the arrow) and in the U-gauge (rhs of the arrow):
L0 = M2W
(
tr
{
Tˆ Vˆµ
})2 U−gauge−→ −g22M2W ( tr {τ3Cˆµ})2 ,
L1 = 1
2
g22Bˆµν tr
{
Tˆ Wˆ µν
}
U−gauge−→ 1
2
g22Bˆµν tr
{
τ3Wˆ
µν
}
,
2In Ref. [19] the couplings constants αi are part of the effective terms Li while here they are not. Apart
from this, our terms are identical with those used in Ref. [19]. The L′1 defined there corresponds to our
L0, and the traces in L6, . . . , L10, L12 and L13 of Ref. [19] do not occur in our calculation and thus are
not listed here.
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L2 = 1
2
ig2Bˆµν tr
{
Tˆ [Vˆ µ, Vˆ ν ]
}
U−gauge−→ −1
2
ig32Bˆµν tr
{
τ3[Cˆ
µ, Cˆν ]
}
,
L3 = ig2 tr
{
Wˆµν [Vˆ
µ, Vˆ ν ]
}
U−gauge−→ −ig32 tr
{
Wˆµν [Cˆ
µ, Cˆν]
}
,
L4 =
(
tr
{
VˆµVˆν
})2 U−gauge−→ g42 ( tr{CˆµCˆν})2 ,
L5 =
(
tr
{
VˆµVˆ
µ
})2 U−gauge−→ g42 ( tr{CˆµCˆµ})2 ,
L11 = tr
{(
DˆµW Vˆµ
)2} U−gauge−→ −g22 tr{(DˆµW Cˆµ)2} (5.1)
with DˆW defined in (2.11). Following Ref. [19], we introduce the shorthand notation
Vˆ µ =
(
DˆµUˆ
)
Uˆ †, Tˆ = Uˆτ3Uˆ
†. (5.2)
First, we consider the terms in (4.10) which contain derivatives or covariant derivatives
(2.3). These terms are proportional to I011, I112 or I213. We express the derivatives in
terms of field-strength tensors (2.2) and vector-covariant derivatives DˆµW (2.11). These
terms become
Leff
∣∣∣∣deriv
I011
= − 1
16pi2
I011 L11,
Leff
∣∣∣∣deriv
I112
=
1
16pi2
I112
[
− 1
2
g22 tr
{
WˆµνWˆ
µν
}
− 1
4
g21BˆµνBˆ
µν
− g1
g2
L1 − 1
2
g1
g2
L2 + 1
2
L3 − 1
2
L5 + 5L11
]
,
Leff
∣∣∣∣deriv
I213
=
1
16pi2
I213
[
2g22 tr
{
WˆµνWˆ
µν
}
+ g21BˆµνBˆ
µν
+ 4
g1
g2
L1 + 4g1
g2
L2 − 4L3 − 4L4 + 4L5 − 12L11
]
. (5.3)
Next, we consider the terms proportional to I011 and I
i
111(1) which contain the operators
Pi (3.10) with different coefficients for i = 1, 2 and i = 3. These can easily be evaluated
by using
M2i tr
{
CˆµPiCˆ
µ
}
=M2W tr
{
CˆµCˆ
µ
}
+
1
2
g21
g22
M2W
(
tr
{
τ3Cˆµ
})2
(5.4)
and a corresponding identity for I i111(1) tr
{
CˆµPiCˆ
µ
}
. We find:
Leff
∣∣∣∣Pi
I011
=
1
16pi2
I011
[
−g22M2W tr
{
CˆµCˆ
µ
}
+
1
2
g21
g22
L0
]
,
Leff
∣∣∣∣Pi
Ii
111
(1)
=
1
16pi2
[
IW111(1) g
2
2 tr
{
CˆµCˆ
µ
}
−
(
IZ111(1)− IW111(1)
) 1
2
1
M2W
L0
]
. (5.5)
Finally, we reintroduce the background Goldstone fields ϕˆi by inverting the Stueckel-
berg transformation (2.15), i.e. we transform the background fields Wˆµ and Bˆµ as
Wˆ µ → Uˆ †Wˆ µUˆ + i
g2
Uˆ †∂µUˆ , Bˆµ → Bˆµ. (5.6)
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The transformations of the fields, field-strength tensors and derivatives in the standard
traces (5.1) under the Stueckelberg transformation (5.6) are given by
Cˆµ → i
g2
Uˆ †Vˆ µUˆ , DˆµW Cˆµ →
i
g2
Uˆ †
(
DˆµW Vˆµ
)
Uˆ ,
Wˆ µν → Uˆ †Wˆ µνUˆ , Bˆµν → Bˆµν . (5.7)
Consequently, the traces (5.1) take their gauge-invariant form (lhs of the arrow in (5.1)).
Collecting all terms, we find
Leff = 1
16pi2
{
g2
3M2H
4MW
I010Hˆ + g
2
2
(
3M2H
16M2W
I010 +
9M4H
16M2W
I020
)
Hˆ2
+ g2
(
3M2H
8MW
I020 − 3M
2
H
2MW
I121
)
Hˆ tr
{
VˆµVˆ
µ
}
+
(
1
4
I010 +M
2
WI011 − IW111(1)
)
tr
{
VˆµVˆ
µ
}
+ g22
(
− 1
2
I112 + 2I213
)
tr
{
WˆµνWˆ
µν
}
+ g21
(
− 1
4
I112 + I213
)
BˆµνBˆ
µν
+
(
1
2
g21
g22
I011 +
1
2M2W
[
IW111(1)− IZ111(1)
] )
L0
+
g1
g2
(
− I112 + 4I213
)
L1 + g1
g2
(
− 1
2
I112 + 4I213
)
L2 +
(
1
2
I112 − 4I213
)
L3
+
(
− 4I213 + 2I222
)
L4 +
(
1
16
I020 − 1
2
I121 + 4I213 + I222
)
L5
+
(
− I011 + 5I112 − 12I213
)
L11
}
+O(ζ−2). (5.8)
This Lagrangian is manifestly invariant under the gauge transformations of the background
fields (2.12), under which the quantities occurring in (5.8) with (5.1) transform covariantly
according to
Wˆ µν → SWˆ µνS†, Bˆµν → Bˆµν
Vˆ µ → SVˆ µS†, DˆµW Vˆµ → S
(
DˆµW Vˆµ
)
S†, Tˆ → STˆS†. (5.9)
The gauge for the background fields can now be fixed arbitrarily.
6 Renormalization
In the previous sections we have dealt with bare parameters and bare fields only. In the fol-
lowing, these bare quantities are marked by a subscript “0”. We apply the renormalization
transformation to the parameters
e → e0 = (1 + δZe)e,
M2a → M2a ,0 =M2a + δM2a , a =W,Z,H,
t → t0 = t+ δt. (6.1)
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Figure 1: All diagrams of O(M4H) contributing to δM2H.
The tadpole term t = v(µ2−λv2/4) is defined in the Lagrangian (2.1) via the term tH(x).
We apply on-shell renormalization [11, 17], where MW, MZ and MH represent the
physical masses (propagator poles). The electric unit charge is defined in the Thomson
limit as usual, and the renormalized tadpole vanishes3 (t = 0). The remaining renormalized
parameters are fixed by the relations
cW =
MW
MZ
, sW =
√
1− c2
W
, g1 =
e
cW
, g2 =
e
sW
, v =
2MW
g2
, µ2 =
M2H
2
.
(6.2)
The on-shell conditions imply for the counterterms in (6.1)
δM2a = Re
{
ΣaˆaˆT (M
2
a )
}
, a =W,Z,
δM2H = Re
{
ΣHˆHˆ(M2H)
}
,
δZe =
1
2
∂ΣAˆAˆT (q
2)
∂q2
∣∣∣∣∣∣
q2=0
,
δt = −T Hˆ , (6.3)
where ΣAˆAˆT , Σ
Wˆ Wˆ
T , Σ
ZˆZˆ
T and Σ
HˆHˆ represent the transversal parts of the unrenormalized
vector-boson self-energies and the unrenormalized Hˆ–self-energy, respectively4. Concern-
ing vertex functions and self-energies our notation follows the one of Refs. [10, 11] through-
out. Since δZe, δM
2
W, δM
2
Z and δt are calculated from vertex functions at low-energy scales,
i.e. |q2| ≪ M2H, they can be read directly from the effective Lagrangian (5.8), which is
constructed at |q2| ≪ M2H. However, δM2H is fixed at q2 = M2H and thus cannot be read
from (5.8) but has to be calculated diagrammatically. As it turns out below, δM2H is only
needed at O(M4H) so that we merely have to consider those diagrams contributing to the
Hˆ–self-energy, which have internal Higgs or Goldstone lines but no vector lines, as shown
in Fig. 1. We find
3This means that the relation (2.5) holds for renormalized quantities, whereas for unrenormalized pa-
rameters t0-terms occur. In order to avoid confusion we omitted t in the previous sections, but reintroduce
it here.
4Note that δZe gets no contribution from the AˆZˆ-mixing self-energy owing to Σ
AˆZˆ
T (0) = 0, which
follows from the Ward identity ΣAˆZˆL (q
2) = 0 [10, 11].
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δM2H =
1
16pi2
g22
3M2H
8M2W
[
M2HRe
{
B0(M
2
H, 0, 0)
}
+ 3M2HB0(M
2
H,MH,MH) + I010
]
+O(M2H),
δM2W =
1
16pi2
g22
(
1
4
I010 − IW111(1)
)
+O(M0H),
δM2Z =
M2Z
M2W
δM2W +O(M0H),
δt = − 1
16pi2
g2
3M2H
4MW
I010 +O(M0H),
δZe = O(M0H), (6.4)
where B0 denotes the general scalar two-point function
B0(k
2,M0,M1) =
(2piµ)4−D
ipi2
∫
dDp
1
[p2 −M20 + iε][(p+ k)2 −M21 + iε]
. (6.5)
The B0-terms occurring in (6.4) are explicitly given in App. A.
In addition we introduce the field renormalization
Fˆ → Fˆ0 = Z1/2Fˆ Fˆ = (1 +
1
2
δZFˆ )Fˆ , F = W,B,H, ϕ. (6.6)
The renormalized Lagrangian remains gauge-invariant [11], if one chooses
δZWˆ = −2
δg2
g2
, δZBˆ = −2
δg1
g1
, δZϕˆ = 2
δv
v
, (6.7)
while δZHˆ can be chosen arbitrarily. Since δZHˆ drops out anyhow when Hˆ is removed
from the theory, we can simply choose
δZHˆ = 0. (6.8)
With the choice (6.7) the propagators of the massive gauge bosons acquire residues different
from one. However, for the construction of the effective Lagrangian we only need for the
gauge-boson field-renormalization constants that δZWˆ and δZBˆ only get contributions of
O(M0H). This means that we could equivalently well normalize the residues of all gauge-
boson propagators to one without affecting the final result of the effective Lagrangian. On
the other hand, the condition (6.7) for δZϕˆ is indeed necessary, because it guarantees that
the renormalization of the matrix Uˆ (2.6) does not yield contributions of O(M2H).
As discussed in Ref. [1], we do not have to carry out the complete renormalization for
the calculation of the effective Lagrangian. It is sufficient to determine the Hˆ-dependent
part of the counterterm Lagrangian
Lct
Hˆ
= δtHˆ − 1
2
δM2HHˆ
2 − 1
2
δM2W
g2MW
Hˆ tr
{
Vˆ µVˆµ
}
+O(ζ−2). (6.9)
This part yields contributions when eliminating the background field Hˆ in the next sec-
tion, i.e. in a diagrammatical procedure these terms contribute to reducible diagrams with
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internal Higgs tree lines. Therefore, we do not have to calculate the counterterms com-
pletely, but only those contributions which yield O(M0H) effects to the final Lagrangian. In
particular, δM2H only has to be determined at O(M4H), because Hˆ turns out to be O(M−2H )
when it will be eliminated in the next section. For the same reason it is sufficient to
consider δM2W only at O(M2H).
As in Ref. [1], we call the sum of Leff (5.8) and LctHˆ (6.9) the renormalized effective
Lagrangian Lreneff . Inserting (6.4), we find for the Hˆ-dependent part of Lreneff
Lreneff |Hˆ =
1
16pi2
{
3g22M
4
H
16M2W
(
3I020 − 3B0(M2H,MH,MH)− Re
{
B0(M
2
H, 0, 0)
})
Hˆ2
+
g2
8MW
(
− I010 + 4IW111(1) + 3M2HI020 − 12M2HI121
)
Hˆ tr
{
VˆµVˆ
µ
}}
+O(ζ−2), (6.10)
while the Hˆ-independent part is obviously the same as in (5.8).
7 Elimination of the background Higgs field
Having integrated out the quantum Higgs field H , which corresponds to Higgs lines in
loops, the effective Lagrangian still contains the background Higgs field Hˆ , which corre-
sponds to Higgs tree lines in Feynman diagrams. The field Hˆ can now be eliminated in
complete analogy to the procedure of Ref. [1] so that we discuss this point only briefly here.
Since the Hˆ-field corresponds to tree lines, the Hˆ-propagators can be expanded in powers
of 1/M2H for MH →∞. Diagrammatically this means that the Hˆ-propagator shrinks to a
point rendering such (sub-)graphs irreducible which contain Hˆ-lines only. The tree-level
Lagrangian of the SM implies that this expansion corresponds to the replacement
Hˆ → − MW
g2M
2
H
tr
{
VˆµVˆ
µ
}
+O(M−4H ). (7.1)
The substitution (7.1) can be alternatively motivated by the fact that it corresponds to the
use of the equation of motion (EOM) for the background Higgs field, which is fulfilled in
lowest order by the tree-like part of Feynman diagrams. After applying (7.1), the effective
Lagrangian Lreneff becomes:
Lreneff =
1
16pi2
{ (
1
4
I010 +M
2
WI011 − IW111(1)
)
tr
{
VˆµVˆ
µ
}
+ g22
(
−1
2
I112 + 2I213
)
tr
{
WˆµνWˆ
µν
}
+ g21
(
− 1
4
I112 + I213
)
BˆµνBˆ
µν
+
(
1
2
g21
g22
I011 +
1
2M2W
[
IW111(1)− IZ111(1)
] )
L0
+
g1
g2
(
− I112 + 4I213
)
L1
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+
g1
g2
(
− 1
2
I112 + 4I213
)
L2
+
(
1
2
I112 − 4I213
)
L3
+
(
− 4I213 + 2I222
)
L4
+
(
1
8M2H
I010 − 1
2M2H
I111(1) +
1
4
I020 + I121 + 4I213 + I222
− 9
16
B0(M
2
H,MH,MH)−
3
16
Re
{
B0(M
2
H, 0, 0)
})
L5
+
(
− I011 + 5I112 − 12I213
)
L11
}
+O(M−2H ). (7.2)
Finally, we insert the explicit forms (A.1) and (A.3) of the integrals in this expression and
find:
Lreneff =
1
16pi2
{ [
− 1
8
M2H +
3
4
M2W
(
∆MH +
5
6
) ]
tr
{
VˆµVˆ
µ
}
− 1
24
(
∆MH +
5
6
)
g22 tr
{
WˆµνWˆ
µν
}
− 1
48
(
∆MH +
5
6
)
g21BˆµνBˆ
µν
+
3
8
(
∆MH +
5
6
)
g21
g22
L0
− 1
12
(
∆MH +
5
6
)
g1
g2
L1
+
1
24
(
∆MH +
17
6
)
g1
g2
L2
− 1
24
(
∆MH +
17
6
)
L3
− 1
12
(
∆MH +
17
6
)
L4
− 1
24
(
∆MH +
79
3
− 9
√
3pi
2
)
L5
− 1
4
(
∆MH +
1
6
)
L11
}
+O(M−2H ), (7.3)
with ∆MH being given in (A.2).
The tree-level Lagrangian of the SM forMH →∞ is the Lagrangian of the correspond-
ing SU(2)W × U(1)Y gauged non-linear σ-model (GNLSM) [18, 19], which is obtained from
the SM Lagrangian simply be dropping the Higgs field in the non-linear realization of the
scalar fields (2.8)
Ltree|MH→∞ = Ltree|Hˆ=0 +O(M−2H ) = LtreeGNLSM +O(M−2H ), (7.4)
16
with
LtreeGNLSM = −
1
2
tr
{
WˆµνWˆ
µν
}
− 1
4
BˆµνBˆ
µν − M
2
W
g22
tr
{
VˆµVˆ
µ
}
. (7.5)
The complete one-loop Lagrangian L1−loop,ren
∣∣∣
MH→∞
of the SM for MH → ∞ consists of
three different parts: The effective Lagrangian Lreneff , the part L1−loop
∣∣∣
H=0
of the one-loop
Lagrangian which does not contain the quantum Higgs field H , and the part Lct|Hˆ=0 of the
countertem Lagrangian which does not contain the background field Hˆ . As in Ref. [1], one
can easily show that eliminating the background Higgs field Hˆ in L1−loop
∣∣∣
H=0
by applying
(7.1) simply results in dropping all terms which contain Hˆ . Thus, we find that the one-
loop Lagrangian of the SM for MH → ∞ is the sum of the one-loop Lagrangian of the
GNLSM, the corresponding counterterm Lagrangian, and the effective Lagrangian
L1−loop,ren|MH→∞ = L1−loop|H=Hˆ=0 + Lct|Hˆ=0 + Lreneff +O(M−2H )
= L1−loopGNLSM + LctGNLSM + Lreneff +O(M−2H ). (7.6)
The counterterm Lagrangian LctGNLSM follows from the tree-level Lagrangian of the GNLSM
(7.5) by applying the renormalization transformations (6.1) and (6.6). The renormalization
constants occurring in LctGNLSM are calculated from self-energies, as e.g. given in (6.3) for
the mass and charge renormalization constants. Of course, the contribution of the effective
Lagrangian Lreneff to the relevant self-energies have to be included in this procedure.
The first three terms in (7.3) have the same structure as terms in the tree-level La-
grangian of the GNLSM (7.5). They can be absorbed into the corresponding counterterms
and have no effect on S-matrix elements. Furthermore, the L11-term in (7.3) does not af-
fect S-matrix elements5, because L11 (5.1) can be eliminated by applying the EOMs [20]
for the SU(2)W background vector fields within the GNLSM [1],
DˆµW Wˆµν = −
i
g2
M2WVˆν . (7.7)
Using DˆµW Dˆ
ν
WWˆµν = 0, this leads to
DˆµW Vˆµ = 0, (7.8)
which is valid at tree-level. Since Lreneff only contains background fields (corresponding
to tree lines), this is sufficient to render the contribution of L11 to the S-matrix zero.
Thus, the complete one-loop effects of a heavy Higgs boson on S-matrix elements, i.e. the
complete difference between the SM for MH → ∞ and the GNLSM contributing to the
S-matrix at one loop, are summarized in the effective Lagrangian
Lreneff (S-matrix) =
1
16pi2
{
3
8
(
∆MH +
5
6
)
g21
g22
M2W
(
tr
{
Tˆ Vˆµ
})2
5L11 yields contributions to S-matrix elements if massive fermions are included. This is discussed in
the next section.
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− 1
24
(
∆MH +
5
6
)
g1g2Bˆµν tr
{
Tˆ Wˆ µν
}
+
1
48
(
∆MH +
17
6
)
ig1Bˆµν tr
{
Tˆ [Vˆ µ, Vˆ ν ]
}
− 1
24
(
∆MH +
17
6
)
ig2 tr
{
Wˆµν [Vˆ
µ, Vˆ ν ]
}
− 1
12
(
∆MH +
17
6
) (
tr
{
VˆµVˆν
})2
− 1
24
(
∆MH +
79
3
− 9
√
3pi
2
) (
tr
{
VˆµVˆ
µ
})2 }
+O(M−2H ), (7.9)
where the explicit form of the traces (5.1) is inserted.
Finally, we note that the result of our functional calculation (7.9) coincides with the
result of the diagrammatical calculation in Ref. [6]6. (Note that our coupling constants
g1 and g2 correspond to the constants g
′ and g in Ref. [6] by the substitutions g1 → g′,
g2 → −g.)
8 Fermionic contributions to the effective Lagrangian
8.1 The fermionic part of the standard model Lagrangian
In the previous sections we have only considered the bosonic sector of the electroweak SM.
Now, we also include fermions in our calculation and determine the fermionic terms of the
low-energy effective Lagrangian generated by integrating out the Higgs field.
The fermionic part of the SM Lagrangian is
LF = i
(
ΨfD/f,σωσΨf
)
−
√
2
v
(
ΨfMfΦ
†ω−Ψf +ΨfΦMfω+Ψf
)
, (8.1)
where the index f labels the different fermion doublets Ψf with the mass matrix
7 Mf , and
ω± denote the chirality projectors,
Ψf =
(
ψf1
ψf2
)
, Mf =
mf1 0
0 mf2
 , ω± = 1
2
(1± γ5) . (8.2)
In (8.1) and the following summation over all doublets Ψf is assumed. The covariant
derivatives are
Dµf,σ = ∂
µ − ig2W µδσ− + i
2
g1Yf,σB
µ (8.3)
6We find a coefficient for the L11-term in (7.3) which is different from the one in Ref. [6]. This is
due to the fact that we use the non-linear parametrization of the Higgs sector (2.6) while in Ref. [6] the
linear one (2.4) is used. Such a reparametrization of the scalar fields may change Green functions but not
S-matrix elements [13, 15]. As pointed out, the L11-term has no impact on S-matrix elements (as far as
one considers the pure bosonic sector).
7We neglect quark mixing throughout, i.e. the CKMmatrix is set to the unit matrix. The generalization
to finite quark mixing is straightforward.
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with
Yf,σ = 2Qf − τ3δσ− (8.4)
where Qf is the electric charge matrix of Ψf , and Yf,σ the weak hypercharge matrix of
ωσΨf . The scalar field Φ is again non-linearly realized according to (2.6).
The BFM is applied by splitting the fermion fields linearly according to
Ψf → Ψˆf +Ψf , Ψf → Ψˆf +Ψf , (8.5)
and the boson fields according to (2.9). Finally, the Stueckelberg transformation of the
fermion fields [14, 15]
ω−Ψˆf → Uˆω−Ψˆf , ω−Ψf → Uˆω−Ψf , Ψˆfω+ → Ψˆfω+Uˆ †, Ψfω+ → Ψfω+Uˆ †,
ω+Ψˆf → ω+Ψˆf , ω+Ψf → ω+Ψf , Ψˆfω− → Ψˆfω−, Ψfω− → Ψfω−
(8.6)
together with the one of the bosons (2.15) removes the background Goldstone fields from
the Lagrangian.
8.2 Diagonalization
The one-loop part of Lagrangian (8.1) can be written in the symbolic form
L1−loopF = Ψf∆fΨf − tr {ϕδ∆ϕϕ}+H tr {δXHϕϕ}+HΨfXfH +HXfHΨf
+ΨfMfϕω−X
L
fϕ
+X
L
fϕ
ω+ϕMfΨf +ΨfϕMfω+X
R
fϕ
+X
R
fϕ
ω−MfϕΨf
+ΨfW/XfW +XfWW/Ψf +ΨfB/XfB +XfBB/Ψf , (8.7)
with the operators
∆f = iDˆ/f,σωσ −Mf
(
1 +
Hˆ
v
)
,
δ∆ϕ = − g
2
2
4M2W
ΨˆfMfΨˆf
(
1 +
Hˆ
v
)
,
δXab
Hϕ
= −i g
2
2
2M2W
[
Ψˆ
b
fω+
(
MfΨˆf
)a − (ΨˆfMf)b ω−Ψˆaf
]
,
XfH = − g2
2MW
MfΨˆf ,
XL
fϕ
= i
g2
MW
Ψˆf
(
1 +
Hˆ
v
)
, XR
fϕ
= −i g2
MW
Ψˆf
(
1 +
Hˆ
v
)
,
XfW = g2ω−Ψˆf , XfB = −g1
2
Yf,σωσΨˆf . (8.8)
The indices a and b in the third line denote the SU(2)W indices of the 2×2-matrix δXHϕ.
As in Sect. 3, the mixings between the quantum Higgs field H and the other quantum
fields can be removed by appropriate shifts of the quantum fields. It turns out to be useful
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first to remove the HΨf -mixing in (8.7) before diagonalizing the bosonic sector of the SM
Lagrangian (3.3). This can be achieved by the shifts
Ψf → Ψf −∆−1f XfHH, Ψf → Ψf −HXfH∆−1f (8.9)
with
∆−1f = γ0
(
∆−1f
)†
γ0, (8.10)
which modify the term bilinear in H and the Hϕ-terms in (3.3) and (8.7) according to
∆H → ∆H + δ∆H , XHϕ + δXHϕ → XHϕ + δXHϕ + δX ′Hϕ (8.11)
with
δ∆H = 2XfH∆
−1
f XfH
H tr
{
δX ′
Hϕ
ϕ
}
= −HXfH
(
∆−1f Mfϕω−X
L
fϕ
)
−HXfH
(
∆−1f ϕMfω+X
R
fϕ
)
−XL
fϕ
ω+ϕMf
(
∆−1f XfHH
)
−XR
fϕ
ω−Mfϕ
(
∆−1f XfHH
)
. (8.12)
In (8.12), we define δX ′
Hϕ
implicitly via H tr
{
δX ′
Hϕ
ϕ
}
since its explicit expression outside
the trace is not needed in the following. In addition to (8.11), there is a modification of
the HW - and HB-terms, which however can be neglected at O(M0H). We also had to
remove the fϕ-, fW - and fB-terms by appropriate shifts before doing the shifts (3.5) in
the bosonic sector (such that those do not effect the fermionic sector), and finally reverse
these shifts in order to restore these terms. However, it turns out by simple power counting
that the contributions of these shifts to the ∆s and Xs in the bosonic sector (3.11) only
yield O(M−2H )-effects.
This means that all fermionic O(M0H)-contributions to Leff can be found by adding
δ∆H , δ∆ϕ, δXHϕ and δX
′
Hϕ
given by (8.8) and (8.12) to the bosonic parameters (3.11),
and proceeding as in the calculation of the bosonic part of Leff . Thus, ˜˜∆H (3.8) modifies
to
˜˜∆H → ˜˜∆H + δ ˜˜∆H
= ˜˜∆H + δ∆H − 1
2
tr
{
XHϕδ
(
∆ˆ−1ϕ
)
X†
Hϕ
}
− 1
2
(
tr
{
δXHϕ∆ˆ
−1
ϕ X
†
Hϕ
}
+ h.c.
)
− 1
2
tr
{
δXHϕ∆ˆ
−1
ϕ δX
†
Hϕ
}
− 1
2
(
tr
{
δX ′
Hϕ
∆ˆ−1ϕ X
†
Hϕ
}
+ h.c.
)
+O(ζ−3) (8.13)
with
δ
(
∆ˆ−1ϕ
)
= ̂(∆ϕ + δ∆ϕ)−1 − ∆ˆ−1ϕ . (8.14)
In (8.13) terms yielding only O(M−2H )-contributions are again neglected.
8.3 1/MH-Expansion
The fermionic part of Leff can be derived by expanding the contribution of δ ˜˜∆H in (8.13)
to (4.1) in analogy to the procedure described in Sect. 4. This yields
δLeff = 1
16pi2
{
g22
4M2W
I011ΨˆfM
3
f Ψˆf +
ig22
4M2W
(I011 − 2I112) ΨˆfMfDˆ/f,σMfω−σΨˆf
20
− g
3
2
2M2W
I112Ψˆf
[
2MfCˆ/Mfω+ −
(
M2f Cˆ/+ Cˆ/M
2
f
)
ω−
]
Ψˆf
− g
4
2
4M2W
I112ΨˆfMfΨˆf tr
{
CˆµCˆ
µ
}
− ig
3
2
2M2W
(I011 − 2I112) Ψˆf
[(
DˆµW Cˆµ
)
Mfω+ −Mf
(
DˆµW Cˆµ
)
ω−
]
Ψˆf
− g
4
2
32M4W
I011
[
Ψˆf (τiMfω+ −Mfτiω−) Ψˆf
]
×
[
Ψˆf ′ (τiMf ′ω+ −Mf ′τiω−) Ψˆf ′
]}
+O(ζ−2). (8.15)
Strictly speaking, in (8.15) vacuum integrals of the form
(2piµ)4−D
ipi2
∫
dDp
pµ1 . . . pµ2k
(p2 −M2H)l(p2 −M21 )m1(p2 −M22 )m2
with M21,2 = ξM
2
W,Z, m
2
fi
(8.16)
occur, because in addition to the bosonic propagators there are also fermionic ones. Since
in (8.15) only logarithmically divergent integrals are relevant, which are independent of
M21 and M
2
2 (and thus depend only on m = m1 +m2) at O(M0H), these are still given by
the explicit expressions (A.1) for the integrals Iklm (4.4). In particular, the fact that the
fermion masses within a doublet can be different does not effect these integrals at O(M0H).
The origin of the various terms in Leff (8.15) is the following: the first two terms are the
contribution of δ∆H in (8.13), the third term is the contribution of δX
′
Hϕ
∆ˆ−1ϕ X
†
Hϕ
+ h.c.,
the fourth stems from XHϕδ
(
∆ˆ−1ϕ
)
X†
Hϕ
, the fifth from δXHϕ∆ˆ
−1
ϕ X
†
Hϕ
+ h.c., and the last
from δXHϕ∆ˆ
−1
ϕ δX
†
Hϕ
. Note that the explicit occurrence of the Pauli matrices τi in the last
term in (8.15) is a consequence of the operator P (3.10) in ∆ˆ−1ϕ (x, ∂x + ip) (4.8).
8.4 The Stueckelberg formalism
We invert the Stueckelberg transformation (2.15), (8.6) in order to rewrite δLeff in a
gauge-invariant form. The inverse Stueckelberg transformation is given by (5.6) and
ω−Ψˆf → Uˆ †ω−Ψˆf , Ψˆfω+ → Ψˆfω+Uˆ , ω+Ψˆf → ω+Ψˆf , Ψˆfω− → Ψˆfω−. (8.17)
This yields
δLeff = 1
16pi2
{
g22
4M2W
I011Ψˆf
(
UˆM3f ω+ +M
3
f Uˆ
†ω−
)
Ψˆf
+
ig22
4M2W
(I011 − 2I112) Ψˆf
(
Mf Uˆ
†Dˆ/f,−UˆMfω+ + UˆMfDˆ/f,+Mf Uˆ
†ω−
)
Ψˆf
− ig
2
2
2M2W
I112Ψˆf
[
2MfUˆ
†Vˆ/UˆMfω+ −
(
UˆM2f Uˆ
†Vˆ/+ Vˆ/UˆM2f Uˆ
†
)
ω−
]
Ψˆf
21
+
g22
4M2W
I112Ψˆf
(
UˆMfω+ +MfUˆ
†ω−
)
Ψˆf tr
{
VˆµVˆ
µ
}
+
g22
2M2W
(I011 − 2I112) Ψˆf
[(
DˆµW Vˆµ
)
UˆMfω+ −Mf Uˆ †
(
DˆµW Vˆµ
)
ω−
]
Ψˆf
− g
4
2
32M4W
I011
[
Ψˆf
(
UˆτiMfω+ −MfτiUˆ †ω−
)
Ψˆf
]
×
[
Ψˆf ′
(
UˆτiMf ′ω+ −Mf ′τiUˆ †ω−
)
Ψˆf ′
]}
+O(ζ−2). (8.18)
This Lagrangian is invariant under the background gauge transformations (2.12) and
ω−Ψˆf → SSYf,−ω−Ψˆf , ω+Ψˆf → SYf,+ω+Ψˆf ,
Ψˆfω+ → Ψˆfω+S†Yf,−S†, Ψˆfω− → Ψˆfω−S†Yf,+ , (8.19)
where S is given by (2.13) and SYf,σ by
SYf,σ = exp
(
− i
2
g1Yf,σθY
)
(8.20)
with the weak hypercharges Yf,σ (8.4).
The second term in (8.18) can be simplified by applying the product rule for the
covariant derivatives. This yields a term with derivatives acting only on the fermion fields
and a term which has the same structure as the third term in (8.18). The dimension-4
part (i.e. the second and third term) of (8.18) becomes
δLeff |dim=4 =
1
16pi2
{
ig22
8M2W
(I011 − 2I112)
[
Ψˆf
(
M2f Dˆ/f,+ω+ + UˆM
2
f Uˆ
†Dˆ/f,−ω−
)
Ψˆf + h.c.
]
+
ig22
8M2W
(I011 − 6I112)Ψˆf
[
2MfUˆ
†Vˆ/UˆMfω+
−
(
UˆM2f Uˆ
†Vˆ/+ Vˆ/UˆM2f Uˆ
†
)
ω−
]
Ψˆf
}
. (8.21)
8.5 Renormalization
In analogy to Sect. 6, we have to add the fermionic part of the Higgs dependent countert-
erms to δLeff . The parameter- and field-renormalization transformations of the fermions
are
mfi → mfi,0 = mfi + δmfi,
ωσψˆfi → ωσψˆfi,0 = (Zσfi)1/2ωσψˆfi = (1 +
1
2
δZσfi)ωσψˆfi . (8.22)
From (8.18) one immediately reads
δmfi
mfi
= O(M0H), δZσfi = O(M0H). (8.23)
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In this context, one should notice that the renormalized effective action only remains
gauge-invariant if the left-handed fermion-doublet field ω−Ψf is renormalized by one renor-
malization constant, i.e. δZLf = δZ
L
f1
= δZLf2 (in δZf the superscripts R/L are used instead
of σ = +/−). Similarly to the case of the gauge-boson fields considered in Sect. 6, the
explicit form of the field-renormalization constants δZσfi is irrelevant for the construction
of the effective Lagrangian as long as (8.23) holds. In particular, (8.23) is fulfilled in the
complete on-shell scheme [17], where all fermion propagators acquire residues equal to one.
According to simple power counting, we only have to consider the contribution of δM2W to
δLct
Hˆ
:
δLct
Hˆ
=
g2
4M3W
δM2WHˆΨˆf
(
UˆMfω+ +MfUˆ
†ω−
)
Ψˆf +O(ζ−2), (8.24)
with δMW given in (6.4). The fermionic part δLreneff of the renormalized effective Lagrangian
is the sum of δLeff (8.18) and δLctHˆ (8.24).
8.6 Elimination of the background Higgs field
As in Sect. 7, we can eliminate the background Higgs field Hˆ by a propagator expansion,
or equivalently by an application of the EOM for Hˆ in lowest order. The fermionic part
of the SM Lagrangian (8.1) implies that (7.1) generalizes to
Hˆ → − MW
g2M2H
tr
{
VˆµVˆ
µ
}
− g2
2MWM2H
Ψˆf
(
UˆMfω+ +Mf Uˆ
†ω−
)
Ψˆf +O(M−4H ). (8.25)
Applying this to the complete effective Lagrangian (i.e. to the bosonic and to the fermionic
part), we finally find
δLreneff =
1
16pi2
{
g22
4M2W
I011Ψˆf
(
UˆM3f ω+ +M
3
f Uˆ
†ω−
)
Ψˆf
+
ig22
8M2W
(I011 − 2I112)
[
Ψˆf
(
M2f Dˆ/f,+ω+ + UˆM
2
f Uˆ
†Dˆ/f,−ω−
)
Ψˆf + h.c.
]
+
ig22
8M2W
(I011 − 6I112)Ψˆf
[
2MfUˆ
†Vˆ/UˆMfω+ −(
UˆM2f Uˆ
†Vˆ/+ Vˆ/UˆM2f Uˆ
†
)
ω−
]
Ψˆf
+
g22
M2W
(
3
8
I020 +
1
4
I112 +
3
4
I121 − 9
16
B0(M
2
H,MH,MH)
− 3
16
Re
{
B0(M
2
H, 0, 0)
})
Ψˆf
(
UˆMfω+ +MfUˆ
†ω−
)
Ψˆf tr
{
VˆµVˆ
µ
}
+
g22
2M2W
(I011 − 2I112) Ψˆf
[(
DˆµW Vˆµ
)
UˆMfω+ −MfUˆ †
(
DˆµW Vˆµ
)
ω−
]
Ψˆf
− g
4
2
32M4W
I011
[
Ψˆf
(
UˆτiMfω+ −MfτiUˆ †ω−
)
Ψˆf
]
×
[
Ψˆf ′
(
UˆτiMf ′ω+ −Mf ′τiUˆ †ω−
)
Ψˆf ′
]
23
+
g42
8M4W
(
− 1
4M2H
I010 +
1
M2H
IW111(1) +
9
8
I020 − 9
8
B0(M
2
H,MH,MH)
− 3
8
Re
{
B0(M
2
H, 0, 0)
)} [
Ψˆf
(
UˆMfω+ +MfUˆ
†ω−
)
Ψˆf
]
×
[
Ψˆf ′
(
UˆMf ′ω+ +Mf ′Uˆ
†ω−
)
Ψˆf ′
] }
+O(M−2H ). (8.26)
With the explicit expressions for the integrals (A.1) this becomes
δLreneff =
1
16pi2
{
1
4
(∆MH + 1)
g22
M2W
Ψˆf
(
UˆM3f ω+ +M
3
f Uˆ
†ω−
)
Ψˆf
+
1
16
(
∆MH +
1
2
)
ig22
M2W
[
Ψˆf
(
M2f Dˆ/f,+ω+ + UˆM
2
f Uˆ
†Dˆ/f,−ω−
)
Ψˆf + h.c.
]
− 1
16
(
∆MH +
5
2
)
ig22
M2W
Ψˆf
[
2MfUˆ
†Vˆ/UˆMfω+ −(
UˆM2f Uˆ
†Vˆ/+ Vˆ/UˆM2f Uˆ
†
)
ω−
]
Ψˆf
− 1
8
(
∆MH +
21
2
− 3
√
3pi
2
)
g22
M2W
Ψˆf
(
UˆMfω+ +MfUˆ
†ω−
)
Ψˆf tr
{
VˆµVˆ
µ
}
+
1
4
(
∆MH +
1
2
)
g22
M2W
Ψˆf
[(
DˆµW Vˆµ
)
UˆMfω+ −MfUˆ †
(
DˆµW Vˆµ
)
ω−
]
Ψˆf
− 1
32
(∆MH + 1)
g42
M4W
[
Ψˆf
(
UˆτiMfω+ −MfτiUˆ †ω−
)
Ψˆf
]
×
[
Ψˆf ′
(
UˆτiMf ′ω+ −Mf ′τiUˆ †ω−
)
Ψˆf ′
]
− 3
64
(
∆MH +
23
3
−
√
3pi
)
g42
M4W
[
Ψˆf
(
UˆMfω+ +MfUˆ
†ω−
)
Ψˆf
]
×
[
Ψˆf ′
(
UˆMf ′ω+ +Mf ′Uˆ
†ω−
)
Ψˆf ′
]}
+O(M−2H ). (8.27)
8.7 Equations of motion and S-matrix
The tree-level and one-loop Lagrangian of the SM for MH → ∞ are given by (7.4) and
(7.6), respectively. The fermionic part of the GNLSM Lagrangian is derived from the SM
Lagrangian (8.1) by dropping the Higgs field in the non-linear parametrization (2.6):
LGNLSM,F = i
(
ΨfD/f,σωσΨf
)
−
(
ΨfMfU
†ω−Ψf +ΨfUMfω+Ψf
)
. (8.28)
The first term in (8.27) has the same structure as the Yukawa term in the GNLSM
Lagrangian (8.28). Since the masses of the fermion doublet are renormalized indepen-
dently, this term can be absorbed into the corresponding counterterm, and thus it does
not contribute to the S-matrix.
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Next, we consider the second line in (8.27) which is related to the kinetic term in (8.28).
The ω+-part can be completely absorbed into the counterterm to the kinetic terms for the
right-handed fermion fields since these are renormalized independently. For the ω−-part
it is useful to decompose Mf (8.2) as [21]
Mf =
1
2
(mf1 +mf2)1+
1
2
(mf1 −mf2)τ3 (8.29)
and M2f accordingly. The contribution proportional to the unit matrix inserted into the
ω−-term yields a term, which can be absorbed into the kinetic term of the left-handed
fermion doublet. Thus, the only part of the second line in (8.27) which contributes to the
S-Matrix is
δLreneff (S-Matrix)|Dˆ/ Ψˆf =
1
16pi2
1
32
(
∆MH +
1
2
)
ig22
M2W
(
m2f1 −m2f2
) [
Ψˆf Tˆ Dˆ/f,−ω−Ψˆf + h.c.
]
,
(8.30)
with Tˆ defined in (5.2).
Finally, we may use the classical EOMs for the background fields in order to remove the
DˆµW Vˆµ-terms in Lreneff . Such an application of the EOM within the effective interaction term
corresponds to a shift of the background fields which does not effect S-matrix elements
[20]. Relation (7.7) was derived for the pure bosonic sector of the SM. Taking into account
massive fermions, the EOM for the SU(2)W gauge fields within the GNLSM become
DˆµW Wˆµν = −
i
g2
M2WVˆν + PA1,ν with A
ab
1,ν = −
g2
2
Ψˆ
b
fγνω−Ψˆ
a
f , (8.31)
and (7.8) generalizes to
DˆµW Vˆµ = PA2 with A
ab
2 =
ig22
2M2W
[(
Dˆ/f,−ω−Ψˆf
)b
Ψˆaf + Ψˆ
b
f
(
Dˆ/f,−ω−Ψˆf
)a]
, (8.32)
where P is the operator defined in (3.10). In (8.31) and (8.32) and the following, the
indices a and b denote the SU(2)W indices of the 2×2-matrices Ai. Then, we can apply
the EOMs for the fermion fields within the GNLSM
Dˆ/f,−ω−Ψˆf = −iUˆMfω+Ψˆf , Dˆ/f,−ω−Ψˆf = iΨˆfω−MfUˆ †, (8.33)
and find
DˆµW Vˆµ = PA3 with A
ab
3 =
g22
2M2W
[
Ψˆ
b
fω+
(
UˆMfΨˆf
)a − (ΨˆfMf Uˆ †)b ω−Ψˆaf
]
. (8.34)
Applying this to the DˆµW Vˆµ-term in (8.27) one finds
Ψˆf
[(
DˆµW Vˆµ
)
UˆMfω+ −Mf Uˆ †
(
DˆµW Vˆµ
)
ω−
]
Ψˆf
=
g22
4M2W
[
Ψˆf
(
UˆτiMfω+ −MfτiUˆ †ω−
)
Ψˆf
] [
Ψˆf ′
(
UˆτiMf ′ω+ −Mf ′τiUˆ †ω−
)
Ψˆf ′
]
, (8.35)
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and inserting this into L11 of (5.1), one obtains
L11 = g
4
2
8M4W
[
Ψˆf
(
UˆτiMfω+ −MfτiUˆ †ω−
)
Ψˆf
] [
Ψˆf ′
(
UˆτiMf ′ω+ −Mf ′τiUˆ †ω−
)
Ψˆf ′
]
. (8.36)
To derive (8.35) and (8.36), we have used the definition (3.10) and the identity
tr {(PAU)(PBU)} = tr {(PUA)(PUB)} (8.37)
where A and B are arbitrary 2×2-matrices and U is an SU(2) matrix. Equation (8.37)
is proven in App. B. Thus, if one considers massive fermions, the contribution of L11 to
S-matrix elements does not vanish unlike in the pure bosonic sector. L11 yields an effective
four-fermion interaction which is quartic in the fermion masses. With (8.35) and (8.36)
the DˆµW Vˆµ-terms in (7.3) and (8.27) take the form of one of the four-fermion terms already
present in (8.27).
Considering renormalization and the use of the EOMs, the fermionic contribution to
the Lagrangian Lreneff (S-matrix) (7.9), which contains all effects of the heavy Higgs boson
on S-matrix elements, is given by8
δLreneff (S-matrix) =
1
16pi2
{
1
32
(
∆MH +
1
2
)
ig22
M2W
(
m2f1 −m2f2
) [
Ψˆf Tˆ Dˆ/f,−ω−Ψˆf + h.c.
]
− 1
16
(
∆MH +
5
2
)
ig22
M2W
Ψˆf
[
2MfUˆ
†Vˆ/UˆMfω+ −
(
UˆM2f Uˆ
†Vˆ/+ Vˆ/UˆM2f Uˆ
†
)
ω−
]
Ψˆf
− 1
8
(
∆MH +
21
2
− 3
√
3pi
2
)
g22
M2W
Ψˆf
(
UˆMfω+ +MfUˆ
†ω−
)
Ψˆf tr
{
VˆµVˆ
µ
}
− 1
192
g42
M4W
[
Ψˆf
(
UˆτiMfω+ −MfτiUˆ †ω−
)
Ψˆf
] [
Ψˆf ′
(
UˆτiMf ′ω+ −Mf ′τiUˆ †ω−
)
Ψˆf ′
]
− 3
64
(
∆MH +
23
3
−
√
3pi
)
g42
M4W
[
Ψˆf
(
UˆMfω+ +Mf Uˆ
†ω−
)
Ψˆf
]
×
[
Ψˆf ′
(
UˆMf ′ω+ +Mf ′Uˆ
†ω−
)
Ψˆf ′
] }
+O(M−2H ). (8.38)
9 Discussion of the result
Inspecting the bosonic part of the effective Lagrangian (7.9), we see that the first two terms
contribute to vector-boson two-point (and higher) functions, the third and the fourth to
8Note that in the linear parametrization of the SM no (ΨˆfτiΨˆf )
2- and Ψˆf (DˆWVˆ )Ψˆf -terms are gener-
ated directly, because they correspond to diagrams with Ψˆf ΨˆfϕH-couplings, which only exist in the non-
linear parametrization. Thus, within that framework the only contribution to the (ΨˆfτiΨˆf)
2-term comes
from L11 according to (8.36). Applying (8.36) to the L11-term in Ref. [6], where the linear parametrization
was used, we find that our result for the (ΨˆfτiΨˆf )
2-term is consistent with the one of Ref. [6]; i.e. the
difference in the L11-term between Ref. [6] and this article is compensated by fermionic terms.
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vector-boson three-point (and higher) functions, and the last two to vector-boson four-
point functions. This means that the first two terms parametrize the effects of the heavy
Higgs boson on LEP 1 physics, the next two become relevant for LEP 2 physics, and the
last two for LHC physics.
By naive power counting one expects that integrating out the Higgs boson gener-
ates dimension-2 terms at O(M2H) and dimension-4 terms at O(M0H) (i.e. proportional
to logMH) [6, 18, 19]. Actually, only those effective terms which do not violate custo-
dial SU(2)W invariance are generated at this order. However, the effective Lagrangian
(7.3) contains only one custodial-SU(2)W-violating term
9, namely L0 (5.1). This is a
dimension-2 term; nevertheless it is only generated at O(M0H). There are 7 custodial-
SU(2)W-violating dimension-4 terms [6, 19] but none of them is generated at O(M0H).
This means that custodial-SU(2)W-breaking terms are suppressed by at least a factor of
M2W/M
2
H in comparison to the prediction of naive power counting. Actually, the reason
for this suppression also follows from a (slightly more involved) power counting argument:
The custodial-SU(2)W-breaking terms are those which explicitly contain the operator P3
defined in (3.10). However, as shown in Sect. 4, all contributions from that operator to
˜˜∆H(x, ∂x+ip) and thus to Leff have the form (M2W−M2Z)P3 (see eq. (4.9)). Therefore, P3 al-
ways occurs together with a power ofM2W and for dimensional reasons these contributions
are suppressed by an additional power of M2W/M
2
H.
The fermionic part of the effective Lagrangian (8.38) contains contributions to fermion
two-point functions in the first term, to fermion-fermion-vector couplings in the first
and the second term, fermion-fermion-vector-vector couplings in the third term and four-
fermion interactions in the last two terms. All effective fermionic couplings have at least
a factor mfi/MW. Consequently, the fermionic part of the effective Lagrangian (8.38) van-
ishes for massless fermions (and is suppressed for light fermions), i.e. the purely bosonic
effective Lagrangian (7.9) describes all O(M0H)-effects of the heavy Higgs boson in this
case. Unlike the bosonic terms, the effective fermionic interactions of course break custo-
dial SU(2)W owing to the occurrence of the non-degenerate fermion-mass matrixMf (8.2).
Furthermore, also effective fermionic terms of dimension 5 or 6 are generated at O(M0H)
and not only dimension-4 terms like in the bosonic sector.
In analogy to the simpler SU(2) toy model considered in Ref. [1], we find that the
limit MH →∞ of the standard model at one loop is the corresponding GNLSM plus the
effective interaction terms given in (7.9) and (8.38), which describe the one-loop effects
of the heavy Higgs boson. In order to calculate the complete one-loop effects to a given
process at O(M0H), one still has to consider the effects of the light quantum fields in
the GNLSM Lagrangian. The coefficients of the effective terms in (7.9), (8.38) contain
logarithmic divergences ∆ (see (A.2)). Since the SM is is renormalizable, these UV-
divergences necessarily cancel against the logarithmically divergent contributions of the
non-renormalizable one-loop Lagrangian of the GNLSM L1−loopGNLSM in (7.6). These have been
9Strictly speaking, the designation “custodial SU(2)W invariance”, i.e. global SU(2)W invariance in the
absence of the B-field, is misleading, because locally SU(2)W×U(1)Y-invariant terms as in (5.1) automati-
cally fulfill this invariance. In the literature the expression “custodial-SU(2)W-invariant” is commonly used
for terms which are custodial-SU(2)W-invariant when additionally the Goldstone fields are disregarded
(rhs of (5.1)), and in this sense it also has to be understood in this article. The custodial-SU(2)W-violating
terms are then those containing the operator Tˆ (5.2) but not explicitly the Bˆ-field.
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calculated for the bosonic part of the GNLSM in Ref. [19] and for the dimension-4 terms of
the fermionic part in Ref. [21]. Comparing our result (7.9) with Ref. [19] and the first two
terms in (8.38) with Ref. [21]10 we find that the divergencies indeed cancel. In particular,
since logarithmic divergences and logMH-terms always occur in the linear combination
∆MH (A.2), the logarithmically divergent one-loop contributions of the GNLSM to S-
matrix elements coincide with the logarithmically MH-dependent one-loop contributions
in the SM, if one replaces
2
4−D − γE + log(4pi) + logµ
2 → logM2H. (9.1)
However, the Lagrangians (7.9) and (8.38) contain additional finite and MH-independent
contributions. Thus, the logMH one-loop contributions to the S-matrix in the SM can
alternatively be calculated in the GNLSM with the replacement (9.1), however the con-
stant contribution cannot be calculated within this model. Therefore, the GNLSM is not
identical to the limit MH →∞ of the SM beyond tree-level. In this context, it should be
kept in mind that these results are derived in dimensional regularization.
The non-decoupling one-loop contributions of a heavy Higgs boson to physical ob-
servables can directly be read from the effective Lagrangians (7.9) and (8.38) simply by
calculating the contributions of the generated effective terms (which only contain back-
ground fields) at tree level.
10 Physical applications
In this section we illustrate the use of the constructed effective Lagrangian. We derive
the heavy-Higgs effects for some vertex functions and transition amplitudes directly from
our effective Lagrangian. As a consistency check, we compare the results with those of a
diagrammatical calculation.
We skip the well-known heavy-Higgs effects on LEP1 observables, where the Higgs-
boson dependence is merely due to vacuum-polarization effects in the gauge-boson propa-
gators. The corresponding logMH-terms can easily be read off from the first two lines in
the effective Lagrangian (7.9).
10.1 Bosonic processes
We start by considering vector-boson scattering. In Ref. [22] the heavy-Higgs effects on
the one-loop radiative corrections to γγ → W+W− in the SM have been investigated
and related to the corrections within the GNLSM. From our Lagrangian (7.9) it is very
easy to reproduce the results given there so that we do not repeat the explicit formulas.
We just note that no logMH-terms in the SM with a heavy Higgs boson appear, i.e.
the one-loop corrections to γγ → W+W− in the GNLSM are UV-finite despite of the
non-renormalizability of the GNLSM.
10In order to compare (8.38) with Ref. [21] one has to decompose Mf (8.2) according to (8.29). The
logarithmically divergent contributions of the GNLSM to the fermionic dimension-5 and -6 terms (third
to fifth term in (8.38)) have to our knowledge not been calculated in the literature.
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As a second example we treat the process
W+(k1, λ1) +W
−(k2, λ2)→W+(k3, λ3) +W−(k4, λ4)
in the heavy-Higgs limit. Here k1,2 denote the (incoming) momenta of the incoming W
bosons, and k3,4 the (outgoing) momenta of the outgoing W bosons. The corresponding
Mandelstam variables are defined by
s = (k1 + k2)
2, t = (k1 − k3)2, u = (k1 − k4)2. (10.1)
The helicity states are labeled by λi, and the corresponding polarization vectors by εi. In
the limit s,−t,−u,M2W ≪ M2H the tree-level transition amplitude M0 is given by
M0 = 4piα
s2
W
[ Ms
s−M2Z
+ (ε1 · ε∗4)(ε2 · ε∗3)− (ε1 · ε2)(ε∗3 · ε∗4)
]
− 4piα M
2
Z
s(s−M2Z)
Ms
+ crossed + O(M−2H ), (10.2)
where crossing means the interchanges ε2 ↔ ε∗3, k2 ↔ −k3. Note that the single contri-
butions in (10.2) are arranged according to the independent couplings g2 = e/sW and e,
where α = e2/4pi is the usual fine-structure constant. The following shorthands have been
introduced,
Ms = M′s + (u− t)(ε1 · ε2)(ε∗3 · ε∗4)
+ 2(ε1 · ε2) [(k1 · ε∗4)(k2 · ε∗3)− (k1 · ε∗3)(k2 · ε∗4)]
+ 2(ε∗3 · ε∗4) [(k3 · ε2)(k4 · ε1)− (k3 · ε1)(k4 · ε2)] ,
M′s = 4(k1 · ε2) [(k3 · ε∗4)(ε1 · ε∗3)− (k4 · ε∗3)(ε1 · ε∗4)]
+ 4(k2 · ε1) [(k4 · ε∗3)(ε2 · ε∗4)− (k3 · ε∗4)(ε2 · ε∗3)]
+ 2(ε1 · ε2) [(k1 · ε∗4)(k2 · ε∗3)− (k1 · ε∗3)(k2 · ε∗4)]
+ 2(ε∗3 · ε∗4) [(k3 · ε2)(k4 · ε1)− (k3 · ε1)(k4 · ε2)] . (10.3)
Now, we consider the one-loop effects of the heavy Higgs boson to this process, which can be
obtained from the effective Lagrangians (7.3) or (7.9), respectively, simply by calculating
the tree-level contributions of Lreneff . As explained above, only the terms in (7.9) are relevant
for the contribution to the S-matrix element, whereas the additional terms in (7.3) cancel
exactly. The effective Lagrangian yields the difference δM = δMSM − δMGNLSM (in
dimensional regularization) between the one-loop corrections to the amplitude in the SM
with a heavy Higgs boson and the GNLSM, respectively. One finds
δM = α
2
s4
W
[
− 5
6
(
∆MH +
19
30
)( Ms
s−M2Z
+ (ε1 · ε∗4)(ε2 · ε∗3)− (ε1 · ε2)(ε∗3 · ε∗4)
)
− 1
12
(
∆MH +
17
6
)
(ε1 · ε∗4)(ε2 · ε∗3)
− 1
6
(
∆MH +
175
12
− 9
√
3pi
4
)
(ε1 · ε2)(ε∗3 · ε∗4)
]
− α
2
s2
W
1
6
M2Z
s(s−M2Z)
M′s + crossed + O(M−2H ). (10.4)
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The single terms in (10.4) are arranged such that only the second and the third line
yield contributions of order xy/M4W (x, y = s, t, u) in the high-energy limit for purely
longitudinally polarized W bosons. These terms entirely originate from the genuine four-
point operators in the effective Lagrangian, i.e. from L4 and L5. The complete xy/M4W-
terms of the one-loop correction to W+LW
−
L → W+LW−L in the limit M2W ≪ s,−t,−u ≪
M2H were calculated in Ref. [23] and Ref. [24] in an SU(2) gauge theory and the SM,
respectively. Comparing our results with the ones given there, we find agreement for the
logMH-terms
11 and the “
√
3pi” term, which stems from Higgs-mass renormalization. The
remaining MH-independent xy/M
4
W-terms are of course different since additional terms of
this kind originate from bosonic loops without Higgs bosons, which are equal in the SM and
GNLSM. As a consistency check, we have also calculated δM diagrammatically and found
the same result. Figures 2,3,4 show the Higgs-mass-dependent subdiagrams contributing
in O(M0H) to Feynman diagrams and counterterms which are reducible with respect to
light particles. The irreducible O(M0H) contributions and those which are reducible with
respect to the heavy Higgs field (which correspond to the irreducible contributions of Lreneff )
are depicted in Fig. 5 (where all fields are assumed to be incoming). The advantage of
our effective-Lagrangian approach is obvious: in a diagrammatical calculation all these
diagrams have to be evaluated while in the effective-Lagrangian calculation one only has
to consider the tree-level contributions of Lreneff (7.9).
10.2 Fermionic processes
Now, we turn to examples involving massive fermions. The only Higgs-mass-dependent
contributions of the effective Lagrangian (8.26) to the fermion self-energy are contained
in the first two terms, viz.
δΣ
ˆ¯fi fˆi
L (k
2) = δΣ
ˆ¯fi fˆi
R (k
2) =
g22
64pi2
m2fi
M2W
(I011 − 2I112) + O(M−2H ),
δΣ
ˆ¯fi fˆi
S (k
2) =
g22
64pi2
m2fi
M2W
I011 + O(M−2H ), (10.5)
where our conventions for the fermionic self-energy follow the ones of Ref. [11]. In a
diagrammatical calculation, these contributions stem from the graph of Fig. 6.a). Using
(10.5), we get for the contributions to the renormalization constants,
δmfi
mfi
∣∣∣∣∣
H
=
g22
32pi2
m2fi
M2W
(I011 − 2I112) + O(M−2H ),
δZσfi
∣∣∣
H
= − g
2
2
64pi2
m2fi
M2W
(I011 − 2I112) + O(M−2H ). (10.6)
The field-renormalization constants δZσfi are chosen such that the residue of the fi propa-
gator equals one. Combining (10.5) and (10.6), we obtain that the renormalized fermion
self-energy contains no Higgs-mass-dependent terms of O(M0H),
δΣ
ˆ¯fi fˆi,ren
L/R/S (k
2) = O(M−2H ). (10.7)
11The terms of the order (xy/M4
W
) logMH were already given in Ref. [5] by calculating the logarithmic
divergences (∆-terms) within the GNLSM and using the replacement (9.1).
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Figure 2: Higgs diagrams to the Wˆ–self-energy.
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Figure 3: Higgs diagrams to the Zˆ–self-energy.
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Figure 4: Higgs diagrams of O(M0H) for the ZˆWˆ+Wˆ−- and AˆWˆ+Wˆ−-vertex functions.
The Higgs-mass dependence of the photon-fermion-fermion vertex is contained in the sec-
ond term in (8.26), which yields
δΓAˆ
ˆ¯fi fˆi
µ (k, p¯, p) = −
iQfieg
2
2
64pi2
m2fi
M2W
γµ (I011 − 2I112) + O(M−2H ). (10.8)
In a diagrammatical calculation one has to calculate the graph shown in Fig. 6.b). Again
after renormalization no O(M0H) survives for this vertex function,
δΓAˆ
ˆ¯fi fˆi,ren
µ (k, p¯, p) = O(M−2H ). (10.9)
The O(M0H) contributions to δΓAˆ
ˆ¯fi fˆi
µ are cancelled by the fermionic wave-function correc-
tions, and the charge renormalization constant does not contain terms of O(M0H). From
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Figure 5: Higgs diagrams of O(M0H) for the one-particle-irreducible and the heavy-Higgs
reducible Wˆ+Wˆ−Wˆ+Wˆ−–four-point function.
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Figure 6: Higgs diagrams contributing to the a) fermion self-energy, b) photon-fermion-
fermion vertex, c) gluon-fermion-fermion vertex.
(10.7) and (10.9) we draw the conclusion that no O(M0H)-terms of the effective Lagrangian
contribute e.g. to the SM one-loop corrections to γγ → fif¯i. This means that the SM
one-loop prediction for γγ → fif¯i in the heavy-Higgs limit approaches asymptotically the
GNLSM correction, which is UV-finite either. The analogue conclusion also holds for
gluon-gluon fusion, gg→ fif¯i, since the Higgs-mass-dependent subdiagrams of O(M0H) are
the same as for γγ → fif¯i with the external photons replaced by gluons. More precisely,
only the diagrams shown in Figs. 6a),c) are relevant. For instance, the complete SM one-
loop correction to gg→ tt¯ can be found in Ref. [25]. From the results given there, one can
see that the relative one-loop correction approaches a constant forMH →∞ in consistence
with our result.
The result (10.9) is in agreement with the one obtained in Ref. [26] for the γtt-vertex.
Inspecting our corresponding results for the fermion-mass-dependent terms of the ttZ- and
the tbW -vertices,
δΓZˆ
ˆ¯ttˆ,ren
µ (k, p¯, p)
∣∣∣∣
Mf
=
ig32
128pi2cW
m2t
M2W
γµγ5 (I011 − 6I112) + (kµ-terms) +O(M−2H ),
δΓWˆ
ˆ¯tbˆ,ren
µ (k, p¯, p)
∣∣∣∣
Mf
= − ig
3
2
128
√
2pi2
γµ
(
m2t +m
2
b
M2W
ω− − 2mtmb
M2W
ω+
)
(I011 − 6I112)
+ (kµ-terms) +O(M−2H ). (10.10)
which are contained in the second and third terms in (8.26)12, we also find agreement with
Ref. [26], where the m2t logMH-terms were calculated.
Finally, we investigate the heavy-Higgs effects to the top-quark decay t → W+b. In
lowest order the transition amplitude for this process is given by
M0 = e√
2sW
u¯(pb)ε/
∗
Wω−u(pt), (10.11)
with pt and u(pt) (pb and u(pb)) denoting the incoming (outgoing) momentum and spinor
for the top(bottom)-quark, respectively. εW represents the polarization vector of the W
12As indicated in (10.10), there are also kµ-terms stemming from the fifth term in (8.26). As explained
in Subsect. 8.7, this term becomes a four-fermion term in Lren
eff
(S-matrix) (8.38) after applying the EOM.
Thus, its contribution is not considered here.
33
^ t^t^
b^ b^ b^ b^t
^
W^
t
-
b
W^
-
W^
-
W^
-
   a)
ϕ
   b)
ϕ
   c)
ϕ
   d)
H
H
H
H
t
t
b
Figure 7: Higgs diagrams of O(M0H) for the tˆˆ¯bWˆ−-vertex function.
boson. The complete difference δM = δMSM − δMGNLSM can easily be calculated from
the effective interaction terms (10.10). We obtain
δM = eα
16
√
2pis3
W
{
u¯(pb)ε/
∗
Wω−u(pt)
[(
m2t +m
2
b
M2W
)
1
4
(
∆MH +
5
2
)
− 11
6
(
∆MH +
5
6
)]
− u¯(pb)ε/∗Wω+u(pt)
mtmb
M2W
1
2
(
∆MH +
5
2
)}
+ O(M−2H ). (10.12)
Alternatively, (10.12) could be derived by calculating the diagrams shown in Fig. 7, where
graph 7.d) does not contribute to the S-matrix element. The term in (10.12) which is not
multiplied by fermion masses is entirely due to coupling-constant and W-wave-function
renormalization. It is associated with the well-known variable ∆r, i.e. it is absent in
a renormalization scheme, where the Fermi constant GF is used as an input parameter
instead of the W mass MW. The MH dependence of the top width originating from
the remaining logMH-terms in (10.12) is e.g. numerically discussed in Ref. [27], where
the complete one-loop SM correction is calculated. The (m2t/M
2
W) logMH-term can for
instance be found in Ref. [28] in agreement with our result.
11 Conclusion
In this article we have integrated out the Higgs boson in the electroweak standard model
directly in the path integral, assuming that it is very heavy. We have expressed all non-
decoupling effects, i.e. effects of O(M0H), of the heavy Higgs boson (including fermionic
effects) in terms of an effective Lagrangian, from which the leading contributions of the
Higgs boson to physical parameters and scattering processes can easily be read.
For the bosonic sector of the SM, this result itself is essentially already known from
the diagrammatical calculation of Ref. [6]. However, we have derived it in a completely
different way, viz. by integrating out the Higgs boson directly in the path integral in-
stead of calculating Feynman diagrams and matching the full theory to the effective one.
The functional method is a methodical progress for several reasons: As pointed out in
Ref. [16], diagrammatical calculations like those in Ref. [6] cannot determine the full con-
tent of Green function but only the “physically relevant parts”. This is due to problems
with gauge invariance of the matching conditions. However, owing to the application of
the background-field method and the Stueckelberg formalism, our direct calculation yields
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the complete effective Lagrangian in a manifestly gauge-invariant form without those prob-
lems. Moreover, the functional method is a huge technical simplification in comparison
to the diagrammatical one, because in the functional approach the effective Lagrangian
– which contains contributions to many Green functions – is generated directly by inte-
grating out the heavy field. In a diagrammatical calculation one has to calculate various
Green functions (i.e. very many Feynman graphs), to write down all effective interaction
terms which could possibly be generated, and then determine the effective Lagrangian
by comparing coefficients [6]. We can use the convenient matrix notation throughout,
i.e. we do not have to specify the single components of the fields. For the background
fields we even do not have to introduce the physical basis. A striking simplification within
our method is the fact that it is completely obvious that only 7 of 14 possible effective
bosonic interaction terms of dimension 4 (or 2) are generated in O(M0H) at one loop,
i.e. that the 7 custodial-SU(2)W-violating dimension-4 terms are only of O(M−2H ). This
result was also found by the diagrammatical calculation in Ref. [6], however no obvious
reason why these terms cancel can be seen there. In our direct calculation these terms are
not generated from the beginning; i.e. there are no cancellations. The suppression of all
custodial-SU(2)W-violating terms by one power of M
2
W/M
2
H follows in our approach from
a simple power-counting argument.
In addition, we also considered the fermionic sector of the standard model when inte-
grating out the Higgs field, and constructed the fermionic terms of the effective Lagrangian.
These have not been completely calculated before, neither functionally nor diagrammat-
ically. Also this calculation becomes straightforward owing to the use of our functional
method. If one applied the diagrammatical method, one would have to write down all
possible effective interaction terms in order to find the matching conditions. Since even
dimension-5 and -6 terms are are generated, this would be a large number, while in a
functional calculation also these terms are generated directly.
In the present article we have integrated out a non-decoupling heavy field. However,
the generalization of our method to the case of decoupling fields is straightforward yielding
a wide field of phenomenologically interesting applications.
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Appendix
A Explicit expressions for the one-loop integrals
In Sect. 4 the construction of the unrenormalized effective Lagrangian (4.10) was traced
back to the vacuum integrals I iklm(ξ) defined in (4.4). Such vacuum integrals are easily
calculated and their explicit expressions are already given in the appendix of Ref. [1] using
dimensional regularization. The relevant O(M0H) parts of the I iklm for D → 4 are
I010 = M
2
H(∆MH + 1),
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I i011(ξ) = ∆MH + 1 +O(M−2H ),
I020 = ∆MH ,
I i111(ξ) =
1
4
(M2H + ξM
2
i )
(
∆MH +
3
2
)
+O(M−2H ),
I i112(ξ) =
1
4
(
∆MH +
3
2
)
+O(M−2H ),
I i121(ξ) =
1
4
(
∆MH +
1
2
)
+O(M−2H ),
I i213(ξ) =
1
24
(
∆MH +
11
6
)
+O(M−2H ),
I i222(ξ) =
1
24
(
∆MH +
5
6
)
+O(M−2H ) (A.1)
with
∆MH = ∆− log
(
M2H
µ2
)
, ∆ =
2
4−D − γE + log(4pi), (A.2)
and γE being Euler’s constant. In the main part of this article we drop the index i and
the argument ξ for all logarithmically divergent integrals, because these are independent
of M2i and ξ at O(M0H).
In Sect. 6 we expressed the renormalization constant δM2H (6.4) in terms of the Iklm
and scalar two-point functions B0(k
2,M1,M2) defined in (6.5). The explicit expressions
for the relevant B0-functions can for instance be deduced from the general result presented
in Ref. [17], leading to
B0(M
2
H,MH,MH) = ∆MH + 2−
pi√
3
,
B0(M
2
H, 0, 0) = ∆MH + 2 + ipi. (A.3)
B Proof of equation (8.37)
In this appendix we prove relation (8.37), which has been used in order to simplify the
DˆµW Vˆµ-terms in Lreneff by using the EOMs.
First, we derive the identity
P
(
UAU †
)
= U(PA)U †, (B.1)
where P is the projection operator (3.10), A an arbitrary 2×2-matrix and U an SU(2)
matrix. Using the definition of P we find
P
(
UAU †
)
=
1
2
τi tr
{
τiUAU
†
}
=
1
2
τi tr
{
U †τiUA
}
. (B.2)
Owing to tr
{
U †τiU
}
= tr {τi} = 0, the hermitian 2×2-matrix U †τiU is a linear combina-
tion of Pauli matrices, i.e. it can be written as
U †τiU = Xijτj with Xij =
1
2
tr
{
τjU
†τiU
}
. (B.3)
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This implies
UτjU
† = τiXij . (B.4)
With (B.2), (B.3), (B.4) and (3.10) we find
P
(
UAU †
)
=
1
2
τiXij tr {τjA} = 1
2
UτjU
† tr {τjA} = U(PA)U †, (B.5)
which proves (B.1). With (B.1) one can easily derive (8.37):
tr {(PAU)(PBU)} = tr
{
U(PAU)U †U(PBU)U †
}
= tr {(PUA)(PUB)} . (B.6)
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